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Higher dimensional gravity invariant under the AdS group
P. Salgado,∗ F. Izaurieta,† and E. Rodr´ıguez‡
Departamento de F´ısica, Universidad de Concepcio´n,
Casilla 160-C, Concepcio´n, Chile.
A higher dimensional gravity invariant both under local Lorentz rotations and under local Anti
de Sitter boosts is constructed. It is shown that such a construction is possible both when odd
dimensions and when even dimensions are considered. It is also proved that such actions have the
same coefficients as those obtained in ref. [5].
PACS number(s): 04.50. +h
The most general lagrangian for gravity in d dimen-
sions built up on the same principles as General Rela-
tivity (general covariance, second order equations for the
metric, and no explicit torsion) is a polynomial of degree
[d/2] in the curvature known as the Lanczos-Lovelock la-
grangian. Lanczos-Lovelock (LL) theories have the same
fields, symmetries, and local degrees of freedom as or-
dinary gravity. The action can be written in terms of
the Riemann curvature Rab = dωab + ωacω
cb and of the
vielbein ea [1, 2, 3, 4] as
S =
∫ [d/2]∑
p=0
αpL
(p) (1)
where αp are arbitrary constants and L
(p) is given by
L(p) = εa1a2······adR
a1a2 · · · ·Ra2p−1a2pea2p+1 · · · ·ead . (2)
One important drawback of the Lanczos-Lovelock ac-
tion is the appearance of a number of dimensionful con-
stants which are not determined from first principles. In
ref. [5] it is shown that requiring that the equations
of motion uniquely determine the dynamics for as many
components of the independent fields as possible fixes the
αp coefficients (for even as well as for odd dimensions) in
terms of the gravitational and cosmological constants.
For d = 2n the coefficients are
αp = α0(2γ)
p
(
n
p
)
, (3)
and the action takes a Born-Infeld-like form. With these
coefficients, the LL action is invariant only under local
Lorentz rotations.
For d = 2n− 1, the coefficients become
αp = α0
(2n− 1)(2γ)p
(2n− 2p− 1)
(
n− 1
p
)
, (4)
where
α0 =
κ
dld−1
, γ = −sgn(Λ)
l2
2
, (5)
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and, for any dimension d, l is a length parameter related
to the cosmological constant by Λ = ±(d− 1)(d− 2)/2l2.
With these coefficients (4), the vielbein and the spin con-
nection may be accommodated into a connection for the
AdS group, allowing for the lagrangian to become the
Chern-Simons form in d = 2n + 1 dimensions, whose
exterior derivative is the Euler topological invariant in
d = 2n dimensions,
dL
(2n−1)
CS =
κl
2n
εA1·····A2nR
A1A2 · · ·RA2n−1A2n (6)
with
R
AB =
(
Rab + 1l2 e
aeb 1l T
a
− 1l T
b 0
)
. (7)
Thus, the odd-dimensional theory is a gauge theory for
the AdS group, and the independent fields are all com-
ponents of a connection for this group.
The Chern-Simons construction fails in even-
dimensions for the simple reason that there has not been
found a characteristic class constructed with products
of curvature in odd-dimensions. This could be a reason
why the construction of a higher dimensional gravity in
even dimensions, invariant under the AdS group, has
remained as an interesting open problem.
It is the purpose of this paper to show that the Stelle-
West formalism [6], which is an application of the theory
of nonlinear realizations to gravity, permits constructing
an action for Lanczos-Lovelock gravity theory genuinely
invariant under the AdS group. It is shown that such a
construction is possible both when odd dimensions and
when even dimensions are considered. Applications of
the theory of non-linear realizations to gravity have been
carried out in different ways in previous research, such as
for example in ref.[7] where the vierbein field was consid-
ered as a Goldstone field related to a nonlinear realiza-
tion of the group GL(4, R), or of the affine and conformal
groups. In the present work, the Goldstone fields repre-
sent [6] a point in an internal AdS space.
The actions invariant under the AdS group are con-
structed using the vielbein and spin connection 1-forms
obtained in ref.[6]. It is also proved that such actions have
the same coefficients as those obtained in refs. [5, 8].
The non-linear realizations in de Sitter space can be
studied by the general method developed in ref. [9, 10].
2Following these references, we consider a Lie groupG and
its stability subgroup H.
The Lie group G has n generators. Let us call {Vi}
n−d
i=1
the generators of H . We shall assume that the remaining
generators {Al}
d
l=1 are chosen so that they form a repre-
sentation of H. In other words, the commutator [Vi,Al]
should be a linear combination of Al alone. A group el-
ement g ∈ G can be uniquely represented in the form
g = eξ
l
Alh (8)
where h is an element of H. The ξl parametrize the coset
space G/H. We do not specify here the parametrization
of h. One can define the effect of a group element g0 on
the coset space by
g0g = g0(e
ξlAlh) = eξ
′l
Alh′ (9)
or
g0e
ξlAl = eξ
′l
Alh1 (10)
where
h1 = h
′h−1 (11)
ξ′ = ξ′(g0, ξ) (12)
h1 = h1(g0, ξ). (13)
If g0 − 1 is infinitesimal, (10) implies
e−ξ
l
Al (g0 − 1) e
ξlAl − e−ξ
l
Alδeξ
l
Al = h1 − 1. (14)
The right-hand side of (14) is a generator of H.
Let us first consider the case in which g0 = h0 ∈ H.
Then (10) gives
eξ
′l
Al = h0e
ξlAlh−10 . (15)
Since the Al form a representation of H, this implies
h1 = h0; h
′ = h0h. (16)
The transformation from ξ to ξ′ given by (15) is linear.
On the other hand, consider now
g0 = e
ξl0Al . (17)
In this case, eq. (10) becomes
eξ
l
0Aleξ
l
Al = eξ
′l
Alh. (18)
This is a non-linear inhomogeneous transformation for ξ.
The infinitesimal form of (14) is
e−ξ
l
Alξi0Aie
ξjAj − e−ξ
l
Alδeξ
i
Ai = h1 − 1. (19)
The left-hand side of this equation can be evaluated, us-
ing the algebra of the group. Since the results must be a
generator of H , one must set equal to zero the coefficient
of Al. In this way one finds an equation from which δξ
i
can be calculated.
The construction of a Lagrangian invariant under local
group transformations requires the introduction of a set
of gauge fields a = aiµAidx
µ, ρ = ρiµVidx
µ, p = plµAldx
µ,
v = viµVidx
µ, associated with the generators Vi and Al,
respectively. Hence ρ + a is the usual linear connection
for the gauge group G, and therefore its transformation
law under g ∈ G is
g : (ρ+a)→ (ρ′+a′) =
[
g(ρ+ a)g−1 −
1
f
(dg)g−1
]
(20)
where f is a constant which, as it turns out, gives the
strength of the universal coupling of the gauge fields to
all other fields.
We now consider the Lie algebra valued-differential 1-
forms p and v defined by [9]
e−ξ
l
Al [d+ f(ρ+ a)] eξ
l
Al = p+ v. (21)
The transformation laws for the forms p(ξ, dξ) and
v(ξ, dξ) are easily obtained. In fact, using (17),(18) one
finds [3]
p′ = h1p(h1)
−1 (22)
v′ = h1v(h1)
−1 − (dh1)h
−1
1 . (23)
Eq. (22) shows that the differential forms p(ξ, dξ) and
v(ξ, dξ) are transformed linearly by a group element of
the form (17); the former as a tensor and the latter as a
connection. The transformation law is the same as that
by an element of H , except that now this group element
h1(ξ0, ξ) is a function of the variable ξ. Therefore, any
H-invariant expression, in any dimensions, written with
a and ρ, will be G-invariant if these fields are changed by
p and v, respectively.
We have specified the fields p and v as well as their
transformation properties, and now we make use of them
to define the covariant derivative with respect to the
group G:
D = d+ v. (24)
The corresponding components of the two-form curvature
are
T = Dp (25)
R = dv + vv. (26)
When G is the AdS lie algebra
[Pa, Pb] = −im
2Jab (27)
3[Jab, Pc] = i (ηacPb − ηbcPa) (28)
[Jab, Jcd] = i (ηacJbd − ηbcJad + ηbdJac − ηadJbc) (29)
having as generators Pa, Jab and the subalgebra H is the
Lorentz algebra SO(3, 1) with generators Jab, then the
equation (21) becomes
1
2
iW abJab − iV
a
Pa
= eiξ
a
Pa
[
d+
1
2
iωabJab − ie
a
Pa
]
e−iξ
b
Pb . (30)
Using the AdS algebra, we arrive at explicit expressions
for V a and W ab which are the basis for the Stelle-West
formalism:
V a = ea + (cosh z − 1)
(
δab −
ξbξ
a
ξ2
)
eb
+
senhz
z
Dξa −
(
senhz
z
− 1
)(
ξcdξc
ξ2
ξa
)
. (31)
W ab = ωab −
1
l2
senhz
z
(
ξaeb − ξbea
)
−
1
l2
[
ξaDξb − ξbDξa
] (cosh z − 1
z2
)
. (32)
with z = 1l (ξ
aξa)
1/2 = 1l ξ. Only in the so called ”phys-
ical” gauge [11], where ξa = 0, we have V a = ea and
W ab = ωab. In this gauge the resultant theory is invari-
ant only under the Lorentz group. There is however, an
exceptional case which occurs when the odd-dimensional
case is considered and when the coefficients are appropri-
ate choices. We shall comment on this below.
On the other hand, under an infinitesimal AdS boost,
δξa = ρa +
(
z cosh z
senhz
− 1
)(
ρa − ρb
ξbξ
a
ξ2
)
(33)
δV a = κabV
b (34)
δW ab = −Dκab (35)
where
κab = −
1
l2
cosh z − 1
z sinh z
(
ξaρb − ξbρb
)
. (36)
Then, under the AdS group, V a and W ab behave as a
Lorentz vector and connection respectively, but with a
non-linear parameter.
Now we proceed to apply the above formalism to build
a gauge theory of gravity in any number of dimensions.
The vielbein and the spin connection can be rewritten
in the form
V a = Oab e
b +Dzξ
a, (37)
W ab =
[
δac δ
b
g −
2
l2
(
cosh z − 1
z2
)δabfgξ
fξc
]
ωcg
−
1
l2
δabfg
[
(
cosh z − 1
z2
)ξfDξg +
senhz
z
ξfeg
]
, (38)
where
Oab ≡ cosh zδ
a
b − (cosh z − 1)
ξaξb
ξ2
, (39)
Dz ≡
senhz
z
Dξa −
(
senhz
z
− 1
)
dz
z
. (40)
It is interesting to note that the inverse of the operator
Oab is given by
(Oab )
−1
=
1
cosh z
δab −
(
1
cosh z
− 1
)
ξaξb
ξ2
. (41)
Under the transformations ea → ea+δea, ωab → ωab+
δωab, the vielbein and the connection change as
δeV
a = Oab δe
b, (42)
δωV
a =
senhz
z
ξbδωab , (43)
δeW
ab = −
1
l2
senhz
z
δabfgξ
f δeg, (44)
δωW
ab = δωab − (cosh z − 1) δabfg
ξfξc
ξ2
δωcg. (45)
The action (1) can now be written in the form
S =
∫ k∑
p=0
αpεa1a2······adR
a1a2 · · · ·
· · · · ·Ra2p−1a2pV a2p+1 · · · ·V ad , (46)
4where now
Rab = dW ab +W ac W
cb. (47)
The space-time torsion T a is given by
T a = DV a (48)
where D is the covariant derivative in the connection
W ab.
This action (46) is invariant under general coordinate
transformations and under AdS transformations (34),
(35). The interesting result is that the action (46) is
invariant under AdS transformations, not only for the
odd-dimensional case d = 2n − 1, but also for the even-
dimensional case d = 2n.
Now we consider the variations of the action with re-
spect to ξa, ea, ωab. The variations of the action (46)
with respect to ea, ωab lead to the following equations:
[d−1/2]∑
p=0
2
l2
senhz
z
p(d− 2p)αpεa1······adξ
a1T a2
×Ra3a4 · · · · ·Ra2p−1a2pV a2p+1 · · · ·V ad−1
+
[d−1/2]∑
p=0
(d− 2p)αpεa1······ad−1fR
a1a2 · ··
· · ·Ra2p−1a2pV a2p+1 · · · ·V ad−1Ofad = 0. (49)
[d−1/2]∑
p=0
p(d− 2p)αpεa1······adV
a1T a2
×Ra3a4 · · · ·Ra2p−1a2pV a2p+1 · · · ·V ad−2
+
[d−1/2]∑
p=0
2(cosh z − 1)
l2z2
p(d− 2p)αpεa1·····ad−2fadξ
a1T a2
×Ra3a4 · · · · · ·Ra2p−1a2pV a2p+1 · · · V ad−1V fξad−1
+
[d−1/2]∑
p=0
senhz
z
(d− 2p)αpεa1·····ad−2fadR
a1a2 · ··
· · · ·Ra2p−1a2pV a2p+1 · · · V ad−1V fξad−1 = 0. (50)
These equations reproduce the equations of motion
of Lanczos-Lovelock gravity theory. In fact, taking the
product of Eq. (49) with (Oab )
−1, and of Eq. (50) with
ξad−1 , we obtain
[d−1/2]∑
p=0
2
l2z
tanh z p(d− 2p)αpεa1······ad−1adξ
a1T a2
×Ra3a4 · · · ·Ra2p−1a2pV a2p+1 · · · ·V ad−1
+
[d−1/2]∑
p=0
(d− 2p)αpεa1······ad−1adR
a1a2 · ··
· · · · Ra2p−1a2pV a2p+1 · · · ·V ad−1 = 0. (51)
[d−1/2]∑
p=0
(2 cosh z − 3)
l2zsenhz
p(d− 2p)αpεa1······adξ
a1T a2
×Ra3a4 · · ·Ra2p−1a2pV a2p+1 · · · ·V ad−1
−
[d−1/2]∑
p=0
(d− 2p)αpεa1·······adR
a1a2 · · · ·
· · · ·Ra2p−1a2pV a2p+1 · · · V ad−1 = 0. (52)
Taking the addition of Eq. (51) to Eq. (52), we have
[d−1/2]∑
p=0
p(d− 2p)αpεa1······adξ
a1T a2
×Ra3a4 · · · Ra2p−1a2pV a2p+1 · · · ·V ad−1 = 0, (53)
and therefore we can write
[d−1/2]∑
p=0
(d− 2p)αpεa1·······adR
a1a2 · ··
· · · ·Ra2p−1a2pV a2p+1 · · · V ad−1 = 0. (54)
From (54), (51) and (50) we obtain:
[d−1/2]∑
p=0
p(d− 2p)αpεaba3······adR
a3a4 · ··
· · ·Ra2p−1a2pT a2p+1V a2p+2 · · · ·V ad = 0. (55)
5These equations have the same form as those obtained
for Lanczos-Lovelock theory with the usual fields ea and
ωab replaced by V a and W ab. The field equation corre-
sponding to the variation of the action with respect to ξa,
is not an independent equation. In fact, taking the co-
variant derivative operator D of equation (49), we obtain
the same equation that one obtains by varying the ac-
tion with respect to ξa. This is to be expected, since the
Goldstone field ξa has no dynamical degrees of freedom.
Following the same procedure of ref. [5] one can
see that the equations (54), (55), lead, in the even-
dimensional case, to the coefficients given by eq.(3) and,
in the odd-dimensional case, to the coefficients given by
eq.(4).
Therefore, the use of the SW -formalism does not
change the coefficients αp of the action already obtained
in refs.[5, 8]. In these refs. can be found a more detailed
discussion of the coefficients αp.
We have shown in this Letter that the Stelle-West
formalism for non-linear gauge theories allows the con-
struction of an off-shell AdS-invariant higher dimen-
sional gravity. No boundary terms are added to the la-
grangian when the AdS gauge transformations are per-
formed. This is accomplished in any dimensions, no mat-
ter whether it be even or odd. It is also proved that such
actions have the same coefficients as those obtained in
refs. [5, 8].
We emphasize that the action (46) is invariant un-
der the AdS group and that,when one picks the physical
gauge ξa = 0, the theory becomes indistinguishable from
the usual one, and the AdS symmetry is broken down
to the Lorentz group. The only exception to this rule
occurs in odd dimensions when the coefficients (4) are
chosen. In this case, and for any value of ξa, it is possi-
ble to show that the Euler-Chern-Simons action written
with ea and ωab differs from that written with V a and
W ab by a boundary term. As a matter of fact, the defin-
ing relation for the non-linear fields V a and W ab given
in (30), represents a gauge transformation for the linear
connection A = 12 iω
ab
Jab − ie
a
Pa, which can be written
in the form
A→ A˜ = g−1 (d+A) g, (56)
where g = e−iξ
aPa and A˜ = 12 iW
ab
Jab − iV
a
Pa. This
means that the linear and non-linear curvatures F =
dA+A2 and F˜ = dA˜+ A˜2 are related by
F˜ = g−1Fg. (57)
Just as the usual Euler-Chern-Simons lagrangian, the
odd-dimensional non-linear lagrangian, with the special
choice of coefficients given in eq. (4), satisfies
dL
(2n−1)
VW =
〈
F˜
n
〉
, (58)
where
〈
Ja1a2 · · ·Ja2n−3a2n−2Pa2n−1
〉
= 1l εa1···a2n−1 .
Then, eq. (57) implies that
dL
(2n−1)
VW =
〈
F˜
n
〉
= 〈Fn〉 = dL
(2n−1)
CS , (59)
and hence we see that both lagrangians may locally dif-
fer only by a total derivative. The same arguments lead
to the conclusion that, in general, any Chern-Simons la-
grangian written with non-linear fields differs from the
usual one by a total derivative.
When the linear lagrangian is invariant only under the
stability subgroup, as it happens in even dimensions, the
introduction of the non-linear fields brings in new terms
in the action, which cannot be written as boundary con-
tributions. We are left with a new action which is invari-
ant under the full group.
It is perhaps interesting to note that, if one consid-
ers gµν = V
a
µ V
b
ν ηab, one can write the lagrangian of the
action (46) in the form that was written in ref. [4].
This means that, if one considers the theory to be con-
structed in terms of the space-time metric gµν , ignoring
the underlying formulation, the theory described in our
manuscript is completely equivalent to the theory devel-
oped in refs.[2, 4]. No trace of the new structure of the
vierbein existing in the underlying formulation of the the-
ory can be found at the metric level.
The interest in the study of the Lanczos-Lovelock grav-
ity theory invariant under AdS transformations takes
root in the fact that, in recent years, M theory has be-
come the preferred description for the underlying struc-
ture of string theory [12, 13]. Some of the expected
features of M-theory are (i) its dynamics should some-
how exhibit a superalgebra in which the anticommuta-
tor of two supersymmetry generators coincides with the
AdS superalgebra in eleven dimensions [14], (ii) the low-
energy regime should be described by an eleven dimen-
sional supergravity of a new type which should stand on a
firm geometric foundation in order to have an off-shell lo-
cal supersymmetry [15], (iii) the perturbation expansion
for graviton scattering in M-theory has recently led to a
conjecture that the new supergravity Lagrangian should
contain higher powers of curvature [16].
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